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Abstract
Fuzzy logic is a contemporary theory for GIS. There are several applications of fuzzy logic
regarding the input, the management, the analysis and the representation of spatial data. In
order to solve a problem by means of a knowledge-based fuzzy system, it is necessary to
describe and process the influencing factors in fuzzy terms. The basic elements of a
knowledge-based fuzzy system are: Fuzzification, definition of the knowledge base,
processing of the rules and finally defuzzification. In most textbooks on fuzzy sets,
defuzzification is treated in far less detail than the other elements involved. The main
reason for this is that the whole concept of defuzzification is completely opposite to the
main purpose of fuzzy set theory namely the extension of crisp concepts and theories. The
aim of this paper Is, first, to review defuzzification operators that might be applied to
geographic data of nominal scale, both discrete and continuous, and second to compare
these operators by applying them to corresponding geographic data. The geographic data
sets are drawn up by applications in geodemographics for discrete data and archaeological
site prediction for continuous data. The results of the application of defuzzification
operators for each geographic data set are compared and final conclusions are presented.

INTRODUCTION
Classic Boolean logic is binary, that is, a certain element is true or false, or an object
belongs to a set or it doesn’t. Fuzzy logic was introduced by Zadeh (1965) and permits the
notion of nuance. In fuzzy logic, apart from being true, a proposition may also be anything
from almost true to hardly true (Kosko, 1991). In comparison with Boolean sets, a fuzzy set
does not have sharply defined boundaries. The notion of a fuzzy set provides a convenient
way of dealing with problems in which the source of imprecision is the absence of sharply
defined criteria of class membership, rather than the presence of random variables.

A significant fact about statistical logic is the defect that each point of a set U is
unequivocally grouped with the other members of its group and thus bears no similarity to
members of other groups. One way to characterize an individual point’s similarity to all the
groups is to represent the similarity that a point shares with each group as a function
(termed the ‘membership function’) whose values (called ‘memberships’) are between 0 <
m < 1. Each point will have a membership in every group; memberships close to unity
signify a high degree of similarity between the point and a group, while memberships close
to zero imply little similarity between the point and the group in question. Additionally the
sum of the memberships for each point must be unity. The compliment of A is NOT A.
Although in Boolean logic A and NOT A are unique, in fuzzy logic the following equation
is true:
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AnotA mm −= 1 .
Fuzzy degrees are not the same as probability percentages. Probabilities measure whether
something will occur or not. Fuzziness measures the degree to which something occurs or
some condition exists. Crisp sets are a subset to fuzzy sets. Only when an object belongs
100% to a group, are fuzzy sets identical to crisp sets, however.

All the analytical functions of contemporary GIS are based on binary logic which is by
nature exact and absolute and therefore leaves no room for the imprecision of geographical
data. Ineffectiveness of traditional logic, in matters of planning, has became clear in the last
decade. (Burrough 1996; Openshaw 1997; Fischer 1994). Fuzzy logic is a contemporary
theory for GIS (Robinson 1988; Leung 1989). There are several applications of fuzzy logic
for the input, the management, the analysis and the representation of spatial data. To
mention few of the most important, Robinson and Strahler (1984) utilised some of the
operations of fuzzy sets in a geographic data base, while Wang (1994) developed a natural
query language in a GIS. Collia and Voliotis (1991) employing the relational database
INGRES presented a fuzzy GIS for soils.

In order to solve a problem by means of a knowledge-based fuzzy system it is necessary to
describe and process the influencing factors in fuzzy terms and provide the result of this
processing in an easy-to-handle form. The basic elements of a knowledge-based fuzzy
system are: Fuzzification, definition of the Knowledge base, Processing of the rules and
finally Defuzzification.

In most textbooks on fuzzy sets, defuzzification is treated in far less detail than the other
elements involved. Several factors contribute to this lack of detail. Firstly, defuzzification
can be seen as not being a part of the core of a fuzzy system. The system uses fuzzy sets to
manipulate imprecise and/or uncertain information to overcome the shortcomings of a
classical crisp system. Consequently, the result of the core of a fuzzy system is naturally a
fuzzy set which incorporates a representation of imprecision and/or uncertainty.
Defuzzification takes all this away, since it reduces the fuzzy set to a single crisp value. In
addition, defuzzification is a process of synthesis. As such, the whole concept of
defuzzification is completely opposite to the main purpose of fuzzy set theory, namely the
extension of crisp concepts and theories.

The aim of this paper is first to review defuzzification operators that might be applied to
geographic data of nominal scale, discrete and continuous, and second to compare these
operators by applying them to corresponding geographic data sets.  The data sets are drawn
up by applications in geodemographics for discrete data and archaeological site prediction
for continuous data. The results of the application of defuzzification operators are compared
and final conclusions are presented.

In the next chapter of the paper, the basic elements of the fuzzy system are presented in
detail, while thereafter the basic defuzzification operators used in the analysis of geographic
data of nominal scale are briefly overviewed. In the chapter “Case studies” the comparison
of these operators is presented. In the last chapter conclusions are given.

FUZZY SYSTEMS
In order to solve a problem by means of a knowledge-based fuzzy system, it is necessary to
describe and process the influencing factors in Fuzzy terms and provide the result of this
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processing in an easy-to-handle form. The basic elements of a knowledge-based Fuzzy
system are:

1. Fuzzification
2. Knowledge base
3. Processing
4. Defuzzification

We now describe these elements. Several types of membership functions can be utilized
(Burrough 1996).  The membership function reflects the knowledge of the specific object or
event.  Every continuous mathematical function can be approximated by a fuzzy set. For
example the criterion “distance from a road” can be approximated from the membership
function illustrated in Figure 1.

 

Distance (m)
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Figure 1. Membership function for the criterion “distance from a road”

The assignment of a membership function to every variable of the problem is called
‘fuzzification’. During this process, crisp subsets are transformed into linguistic subsets,
such as small or great distance (Figure 1). The concept of the linguistic variable illustrates
particularly clearly how fuzzy sets can form the bridge between linguistic expression and
numerical information. The most widely used form of membership function is the
triangular. Its maximum is in the most representative value. Other forms also exist,
however, such as the trapezoid, the Gaussian etc. The estimation of the membership
function becomes available with a variety of ‘objective’ methods. (Bezdek, 1981).

The second step in the Fuzzy systems methodological approach is to define the rules which
connect the input with the output.  These rules are based on the form “if …then and”. The
knowledge in a problem-solving area can be represented by a number of rules. The task of
rule definition is usually undertaken by experts with general knowledge on the specific
field. There is no need to assign weights in the criteria used. The weights are implicitly
taken into account through the rules defined. For example, if the output set “suitability” is
comprised of two subsets called: “poor” and “appropriate”, the rules could be:

If the distance is small then suitability is poor
If the distance is large then suitability is appropriate

The next step is the processing of the rules. This step is also called inference. It consists of
the three stages, aggregation, implication and accumulation. Aggregation provides the
degree of fulfillment for the entire rule concerned. All the Boolean algebra operations (like
intersection, union, negation, etc) can be easily extended to fuzzy set operations and can be
used in this stage. In implication, the degree of fulfilment of the conclusion is determined.
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Accumulation brings together the individual results of the variables used. Details of this
process can be found in Bezdek (1981).

The result of a rule processing can be transformed back into a linguistic expression or a
crisp value. This process is called defuzzification and there are several methods of
achieving it (Leekwijck and Kerre, 1999).  The most important of them, which can be
utilized in geographic data of nominal scale, are presented briefly in the next chapter.

DEFUZZIFICATION OPERATORS
There are two defuzzification operators that can be utilised in geographic data of nominal
scale. We describe them briefly in the following paragraphs.

Membership index
We propose the membership index based on a paper on the classification of world cities
according their financial and business service by Derudder et al.  (2004). The membership
index of each object may belong to four categories: cluster nucleus, singular member,
hybrid member and near isolate, as follows.

a. Cluster Nucleus
Max Value ≥ N1, N1 ≥ 0.5

b. Singular Member
N1 > Max Value ≥ N2 & 2nd Max Value < N2,  N1 ≥ 0.5, N2 ≤ 0.4

c. Hybrid Member
N1 > Max Value ≥ N2 & N1 > 2nd Max Value ≥ N2, N1 ≥ 0.5, N2 ≤ 0.4

d. Near Isolate
Max Value < N2, N2 < 0.4

To arrive at the best values for N1 and N2, the degree of sensitivity should be analysed,
using various combinations of values.  

Confusion index
The confusion index was proposed by Burrough (1996) and is defined as:

CI = 1 – (largest membership value – second largest membership value)

Values of the diffusion index close to denote signify transition (boundary) areas while
values close to zero signify core areas. In the next chapter, the two defuzzification
operators, are applied and evaluated in discrete and continuous geographic data sets. The
data sets are drawn up by applications in geodemographics and archaeological site
prediction. The results of the application of the defuzzification operators are compared and
conclusions are presented.

CASE STUDIES

Discrete data
The geographic data set to be defuzzified is taken from geodemograpics.  The data set to be
defuzzified, here derives from the fuzzy classification of postal areas in the municipality of



Defuzzification operators for geographical data of nominal scale

485

Athens in demographic regions (Hatzichristos, 2004). The membership values for the seven
resulting regions are shown in Table 1.

Table 1: Memberships of the demographic regions (part).
Postal area Striving Employees Expanding Settled & Single Striving Prospering Settled Uprising
1 0.06370 0.07616 0.07561 0.06212 0.00742 0.08440 0.63056
2 0.17891 0.08242 0.60806 0.09655 0.00076 0.02571 0.00756
3 0.68095 0.03676 0.14817 0.11627 0.00061 0.01185 0.00537

To defuzzify the demographic regions, we apply the Membership Index four times as
follows (Table 2):

Table 2: Parameters for the estimation of the Membership Index.
Case Cluster Nucleus Singular Members Hybrid Members Near Isolates
Case 1 Max Value ≥ 0.5 0,5 > Max Value ≥ 0,3 &

2nd Max Value < 0,3
0,5 > Max Value ≥ 0,3 &
0,5 > 2nd Max Value ≥ 0,3

Max Value < 0,3

Case 2 Max Value≥ 0.6 0,6 > Max Value ≥ 0,3 &
2nd Max Value < 0,3

0,6 > Max Value ≥ 0,3 &
0,6 > 2nd Max Value ≥ 0,3

Max Value < 0,3

Case 3 Max Value ≥ 0.7 0,7 > Max Value ≥ 0,4 &
2nd Max Value < 0,4

0,7 > Max Value ≥ 0,4 &
0,7 > 2nd Max Value ≥ 0,4

Max Value < 0,4

Case 4 Max Value ≥ 0.7 0,7 > Max Value ≥ 0,3 &
2nd Max Value < 0,3

0,7 > Max Value ≥ 0,3 &
0,7 > 2nd Max Value ≥ 0,3

Max Value < 0,3

The results are shown in Figures 2 and 3. The main subject of the maps consists of the four
categories of the membership index, so that they can be compared easily.

Figure 2: Defuzzified demographic regions according to membership index.
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Figure 3: Comparison of the results of the four cases.

Continuous data
The geographic data set to be defuzzified comes from archaeological site prediction
modelling. Here the data set derives from the fuzzy predictive modelling of archaeological
sites in the island of Milos, in the Cyclades, Greece. (Hatzinikolaou and Hatzichristos,
2002). The membership values for the two resulting categories, settlements and special
purpose sites are shown in Table 3.

Table 3: Memberships for the two archaeological site categories.
Pixel id Settlements Special
1 0.90 0.90
2 0.56 0.43
3 0.10 0.60

For the defuzzification of the demographic regions we apply the Membership Index three
times as follows (Table 4):

Table 4: Parameters for the estimation of the membership index.
Case Cluster Nucleus Singular Members Hybrid Members Near Isolates
Case 1 Max Value ≥ 0.7 0,7 > Max Value ≥ 0,3 &

2nd Max Value < 0,3
0,7 > Max Value ≥ 0,3 &

0,7 > 2nd Max Value ≥ 0,3
Max Value < 0,3

Case 2 Max Value≥ 0.8 0,8 > Max Value ≥ 0,3 &
2nd Max Value < 0,3

0,8 > Max Value ≥ 0,3 &
0,8 > 2nd Max Value ≥ 0,3

Max Value < 0,3

Case 3 Max Value ≥ 0.9 0,9 > Max Value ≥ 0,4 &
2nd Max Value < 0,4

0,9 > Max Value ≥ 0,4 &
0,9 > 2nd Max Value ≥ 0,4

Max Value < 0,4

The confusion index has also been applied. The results derived from both indices are shown
in Figures 4 and 5.

Figure 4: Comparison of the results of the four cases.
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Figure 5: Defuzzified demographic regions according the membership and the confusion index.

The statistical results of the membership index indicate that, when Ν1 changes values from
0.8 to 0.9, then more of the pixels of the special sites are transformed from nucleus to
singular, while settlements are retained without change. This is also illustrated in Figure
5.3. This is to be explained by the distribution of the membership values of the special sites,
many of which  are between 0.8-0.9. This therefore means that a sensitivity analysis with
different values of N1 and N2 is always appropriate.

The results of the confusion index are continuous and thus render the pattern of the sites
more successfully than the membership index. A problem inherent in the confusion index,
however, is that it becomes complex when more than three categories are present.

CONCLUSIONS
In most geographic applications with fuzzy sets, defuzzification is treated in far less detail
than the other elements involved. The main reason for this is that the whole concept of
defuzzification, namely the extension of crisp concepts and theories, is completely opposite
to the main thrust of fuzzy set theory. The aim of this paper has been first to review
defuzzification operators that might be applied in geographic data of nominal scale both
discrete and continuous.  We also compare these operators by applying them to geographic
data sets drawn up by geodemographics for discrete data and archaeological site prediction
for continuous data.

The membership index is a good alternative for discrete data. A sensitivity analysis
concerning its two parameters N1 and N2 is appropriate. The same index might be applied
in continuous data also. The confusion index is a better alternative for continuous data even
though it becomes complex for more than three categories.

Further research needs to be carried out on defuzzification operators that might be of use on
geographic data of ordinal and ratio scale.
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