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Abstract
There are two common methods for map projection reverse transformation (MPRT) in
geographical information systems (GIS): the polynomial fitting method and the projection
analytics method. The former constructs the relationship between two different coordinate
systems by least squares fitting. The latter solves the map projection equations if feasible. It
is accurate, but the functions representing MPRT are often complex, difficult to code and
may not be derived for many projections. This paper presents a new MPRT method,
namely, bi-directional iteration reverse algorithm (BDIRA). Like the Newton’s Method but
without defining a Jacobi Martrix, the BDIRA uses iterations to compute geographic
coordinates from projection coordinates and converges fast for most map projections. The
method can be applied to any projection, and thus is “universal” and simple to code in GIS
software development. Three projections (GAUSS, ALBERS and MERCATOR) are used to
test the effectiveness of BDIRA.

INTRODUCTION
A geographical information system (GIS) is like a digital map and needs to describe spatial
information in projection coordinates like on a flat plain. Many different map projections
have been designed to transform coordinates between geographic (spherical or ellipsoidal)
coordinates and projection coordinates. The transformation from geographic coordinates
(latitude and longitude of the earth) to projection coordinates (x and y in GIS) is done by
map projection. The reverse process of transforming projection coordinates to geographic
coordinates is termed as “map projection reverse transformation (MPRT)”. This reverse
process is very important, and generates geographic coordinates as the intermediate
coordinate system for transformation between different projections in GIS. For instance, if
one needs to transform a map from a Gauss projection to a Mercator projection, the map is
first converted to geographic coordinates (i.e., MPRT), based on which it is then
transformed to a map in the Mercator projection (i.e., regular map projection). For example,
a hydrological layer and a topographic layer may use different map projection systems, and
need to be overlaid with each other in a GIS application. What a GIS can do is to transform
the coordinates of different map projections into the geographic coordinate system in
latitude and longitude, and then perform some spatial analysis such as overlaying.

On projection, Robinson (1985) states that transforming the geographic coordinates to
projection coordinates is a complex process, and often requires the use of extensive
mathematical knowledge. According to Hu (1980), the transformation between different
projections has become an important task with the development of computer cartographical
automation. Hu (1980) also notes that it is difficult to derive the map projection equations
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from one to another for accurate reverse transformations, and it is even impossible for some
projections. Therefore, the MPRT has been a challenging task for many years and also an
important task in computer mapping. In mathematical terms, the process is defined as:

where equations (1) illustrate the map projection process, and equations (2) explain the
reverse, i.e., MPRT. This research develops a new algorithm for MPRT, namely, the bi-
directional iteration reverse algorithm (BDIRA). Based on the basic principles of map
projection, this algorithm is derived from the Newton’s Iteration Method in the field of
computational mathematics. The iteration computation of BDIRA for most map projections
is convergent, and follows the same procedure for any projection. In this sense, it is a
universal transformation method. Additionally, the accuracy by BDIRA is controllable and
dependent on the threshold error defined. It is fairly easy to code in GIS software
development.

EXISTING METHODS FOR PROJECTION REVERSE TRANSFORMATION
The main objective of algorithms for map projection reverse transformation (MPRT) is to
carry out coordinate transformation from equation (1) into (2). In other words, given a
particular map projection and its projection coordinate (x, y), the task is to find the
corresponding geographic coordinates (latitude and longitude) within a tolerable error.
There has been rich research in MPRT, and two common reverse algorithms are used. One
is the projection analytics method based on solving the map projection equations, and the
other is the polynomial fitting method.

Method of projection analytics
In mathematical terms, a map projection is described as equations (1), where ƒ1, ƒ2 are
functions of the map projection transformation, x and y are projection coordinate values, ϕ
is the latitude and λ is the longitude. The method of projection analytics is to solve
equations (1) to derive the reverse equations (2). Although the reversing equations exist
theoretically, it is impossible to obtain solutions for all projections (Hu, 1981). For a
particular projection, Equations (1) often become very complex. For example, the following
six equations (3) define the ALBERS projection.

The complexity explains why in many cases only map projection equations are given, but
no map projection reverse transformation (MPRT) equations are provided. Yang (1990) has
derived many MPRT equations by mathematical analysis, most of which are in complicated
forms and require rich mathematics knowledge to solve. In practice, the method of
polynomial fitting is often used as an approximate approach within a tolerable error.

x  =  ƒ1(ϕ,λ),   y  =  ƒ2(ϕ,λ) (1)

ϕ  =  F1  (x,y),  λ  =  F2  (x,y) (2)
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Method of polynomial fitting
For illustration, geographic coordinates can be represented in high-power polynomial
functions of projection coordinates in equations (4). By using the least square method
(LSM) based on control points, the map projection reverse transformation can be described
as a polynomial equation, such as

where n is powers of a polynomial equation, and commonly n = 3 or 4 according to the
control points used in the model. The control points are represented in both the geographic
and their corresponding projection coordinates such as ((ϕ1,λ1)->(x1,y1)), ((ϕ2,λ2)->(x2,y2))
,…, ((ϕi,λi)->(xi,yi)). They act as samples in the process of least square fitting. As this
method uses a high-power polynomial function to represent any projection, the MPRT
method is universal. The method is also simple, and works even when the projection is
unknown. However, the disadvantage is that the reverse transformation generally lacks
accuracy because of system simulation errors (Li, 2003). In addition, the model’s fitting
accuracy mostly depends on the accuracy of samples used and their location distribution.

BI-DIRECTIONAL ITERATIVE REVERSE ALGORITHM

A new algorithm for map projection reverse transformation
The new method of map projection reverse transformation (MPRT) described in this paper
is a universal computation process based on computational mathematics. Given a specified
projection equations (1) and the projection coordinates of (x,y), the geographic coordinate
(ϕ,λ) can be obtained by an iteration computation process. Equations (2) are represented in
a computational algorithm instead of specific functions. Hereafter this method is referred to
as the Bi-Directional Iteration Reverse algorithm (BDIRA). Since the iteration method is a
pure computation process, the same algorithm can be applied to any map projection.
Compared with the Method of Projection Analytics, this method simplifies the algorithm
for MPRT and is easy to code in GIS software. Another advantage is that the error of
transformation is controllable, and different levels of accuracy can be achieved by inputting
different threshold errors.

Background: one dimension approach
Concept and illustration of one dimensional approach
The one dimension approach is discussed here as the basis of BDIRA. If a function z = ƒ
(x) is monotonically continuous, given any value z, the independent variable x can be
derived in an iteration process. Figure 1 shows the computation process, where z = ƒ (x)
stands for a monotonically increasing function (a decreasing function can be treated in a
similar fashion).

Figure 1:  Iteration process for a monotonically continuous function.
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The computation process is as follows:
Step1: Select the bottom boundary xmin or the top boundary xmax as the initial value x0, and

compute the corresponding function value such as z 0 = ƒ (x0).
Step2: Choose an arbitrary x1 between xmin and xmax at the beginning of iterations, and

compute the corresponding z1 = ƒ (x1).
Step3: Calculate ∆x and ∆z such as ∆x = (x0-x1) and ∆z = (z0-z1). If the value of ∆z is less

than the threshold error, the solution to equation z = ƒ (x) is x1, and the iteration process
ends. Otherwise, the iteration process continues. In the process, x1 is updated as
(∆x/2+x0) and the process continues.

Since the function is monotonic, it always has a differential z value at each point of x. In
other words, when ∆z →0, ∆x →0. Therefore, the iteration converges, and the final
solution x can be obtained.

For projection equations (1), it is applied to both vertical and horizontal directions. Given
(x,y), ƒ1 and λ0, the latitude ϕ can be derived by equation (5), and longitude λ by (6):

An example of the one dimension approach
In a map projection, the length of meridian, which represents the distance of a point at
latitude ϕ to the point at latitude 0 with the same longitude, is a very important value. It is
defined as an integral function such as:

where S stands for the meridian length, A, B, C and D are integral constants, a, e2 and ρ0

are constants, only ϕ is an independent variable. Using equation (7), the output S is easy to
calculate by inputting ϕ. However, it is not so to obtain ϕ analytically for a given S since
the reverse function is very complex. Assuming that equation (7) is monotonically
continuous, the one dimension approach using the iteration computation process can easily
compute ϕ from a given S.

Bi-directional iteration reverse algorithm (BDIRA)
Condition for using the BDIRA
The virtual lines of latitude and longitude of the globe are consequential and regular for any
projection; otherwise the projection itself would be meaningless (Hu, 1981). In other
words, functions ƒ1 and ƒ2 in equations (1) are monotonic, bounded and continuous within
the map projection region. Normally, the coordinate change in X-axis (vertical direction) in
a map projection mainly depends on the change of latitude, and the coordinate change in Y-
axis (horizontal direction) mainly depends on the change of longitude. In reverse, latitude
and longitude in geographic coordinates are affected mainly by the changes of X and Y in
projection coordinates respectively; and to a much less degree by the changes of Y and X
coordinates respectively. As long as the projection satisfies this condition, the BDIRA
method can be used. In mathematical terms, that is
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y = ƒ2(ϕ0,λ) (ϕ 0 is specified to a constant ) (6)
x = ƒ1(ϕ,λ0) (λ 0 is specified to a constant ) (5)
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 Properties of BDIRA
The BDIRA interactively approaches to the true solution from both x and y directions
according to equations (5) and (6). In practice, only one major variant (latitude or
longitude) is initially utilized. In solving for the latitude by the x value, the longitude is
assumed to be a constant λi, and thus projection equations (1) are changed to (9). In
equation (9), E x is the error term, caused by assuming the true longitude as a constant λi. By
doing so, ϕ i can be calculated using the one dimension approach described earlier. The next
step is to adjust λi to be more accurate based on obtained ϕi. This is done by utilizing the y
value from the horizontal direction.

Similarly, given an assumed constant latitude ϕi, equation (6) is converted into equation
(10). In equation (10), Ey stands for the error caused by assuming the true latitude as a
constant ϕi. In summary, the computation of λi is similar to that of ϕi.

Newton’s iteration method and BDIRA
In computational mathematics, the Newton’s iteration method is an efficient algorithm for
solving nonlinear equations. For the function F(x) = 0, when x = (x1,…,xn)T, F(x) =
(ƒ1(x),…, ƒn(x))T. By the Newton’s method, the solution at vector xk is as follows:

where F′(xk) is the derivative at point xk, namely, the Jacobi Martrix. By Li(2000), the
iteration algorithm is defined as (12):

as to map projection transformation, F(x) has two functions, namely, ƒ1(x) is x = ƒ1(ϕ,λ),
ƒ2(x) is y = ƒ2(ϕ,λ).

Since ƒ1 and ƒ2 are in different forms for different map projections, the function form F′ (xk)
is also specific for a particular projection and may be too complex to derive. Therefore, the
Newton’s method is not feasible for deriving the reverse transformation functions. It is
necessary to find a way to bypass the computation of F′(xk).

In the BDIRA, equation (12) is simplified as equation (14):

where x = (ϕ,λ)T, F(x) = ((ƒ1(ϕ,λ), ƒ2(ϕ,λ))T, ∆F(xk) is the difference between the true value
(x, y) and the current iteration value (x,y) calculated at point xk  by ƒ1,ƒ2, C is a constant
vector of (∆x, ∆y) T representing the projection coordinates increments of x and y caused by
increments of one degree latitude and one degree longitude in geographic coordinates. In
practice, ∆F(xk)/C is approximated by the one dimension approach as stated previously.

x k+1 = xk – ∆F(xk) / C,      k = 0,1,…, (14)
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x k+1 =  xk – F(xk) / F′(xk),      k = 0,1,…, (12)

F(x)  ≈  F(xk) + F′(xk) (x- xk) =  0 (11)

y  =  ƒ2(ϕi,λ) + E y (10)
x  =  ƒ1(ϕ,λi) + E x (9)
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Implementing BDIRA
Figure 2 shows the iteration process by the BDIRA. The fan represents the projection
relationship between geographic coordinates (ϕ,λ) and projection coordinates (x,y). The
process of BDIRA is to derive the true values of geographic coordinates (ϕ,λ) from given
projection coordinates (x,y). At the beginning, the initial value of longitude is assigned such
as λi=λ0, By the one dimension method based on equation (5), the major variant latitude ϕ1
is calculated from the projection coordinate value of x. Point 1 in Figure 2 is mapped to its
corresponding point with geographic coordinates (ϕ1,λ0). The next step is based on the
already obtained ϕ1. Given ϕ1, a more accurate value of longitude can be calculated by the
same method based on equation (6) from the projection coordinate y. It is Point 2 in Figure
2. Obviously, point 2 is closer to the true value than point 1. If the solution is larger than
the threshold error, the iteration continues. Replace λ0 at point 1 with λ1 of point 2, point
3 is derived; replace ϕ1 at point 2 with ϕ2 of point 3, point 4 is obtained; and so on. The
process ends when the error is less than the threshold. As the threshold error is a control
parameter, the algorithm can generate results with different accuracies.

Figure 2:  Illustrational chart of BDIRA.

Convergence and wide applicability of BDIRA
During the iteration process, both errors E x and Ey in equations (9) and (10) decrease.
According to equation (5), if λ is the true value, ϕ derived by x is also the true value. If λ is
close to its true value, ϕ derived by x is also close to its true value. Since Ex >0, a more
accurate λ produces a more accurate ϕ, leading to a smaller Ex in equation (9). Similarly, a
more accurate ϕ leads to a smaller Ey in equation (10). Consider the case when Ex and Ey

are large and the initial values of (ϕ0,λ0) are far from the true values of (ϕ,λ) at the
beginning. In equation (8), as latitude is mainly controlled by x, the derived value of ϕi

from x by equation (5) is more accurate than the initial value. The more accurate ϕi

produces a smaller Ey in equation (10) and leads to a more accurate λi. As λi approaches the
true value λ, the error E x decreases, leading to a more accurate ϕi based on equation (9). It
is a positive feedback cycle. In the next iteration, a more accurate ϕi also leads to a smaller
error E y and produces a more accurate λi. As the iteration process converges alternatively
in both directions of latitude and longitude, a more accurate latitude leads to a more
accurate longitude, and a further more accurate longitude also leads to a further more
accurate latitude. Finally, both errors E x and E y converge to zero, and the iteration values
(ϕi,λi) approach their true values (ϕ,λ). The BDIRA only depends on the map projection
equations with neither the need to define its reverse transformation equations nor the need
to calculate a Jacobin Matrix. As long as the projection satisfies the condition defined in
(8), the BDIRA is applicable. To some extent, the BDIRA is a universal algorithm for map
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projection reverse transformation. The following examples using GAUSS, ALBERS and
MERCATOR projections will demonstrate its effectiveness.

APPLICATION EXAMPLES
For testing, three points in each region of high, middle and low latitudes are selected using
three projections (Gauss, Albers and Mercator). Table 1 shows the results of map projection
reverse transformation (MPRT) for a Gauss projection by the BDIRA method. 3 Points are
selected. Their projection coordinates are calculated by the Gauss projection equation. The
middle meridian of 124E acts as the initial input value in the process of BDIRA. The
threshold errors are set to 0.0001, 0.001, 0.01, 1.0 and 100.0 meters, corresponding to
different accuracy requirements. Take a middle latitude point in Table 1 as an example. Its
true geographic coordinates are (124.24242505E, 23.23425256N). If the threshold error is
set at 100.0 meters, the MPRT result is (124.2524414, 23.23770142), close to the true value
with only 31 iteration cycles. If the threshold error is set to be 0.001 meters, the result is
(124.24242507, 23.23425254) and very close to the true values. If the threshold error is set
at 0.0001 meters, the result reaches the true values with 72 iterations. In summary, the
BDIRA process can be controlled by the threshold errors, and more accuracy is achieved
with more time.

Table 1: Results of GAUSS projection reverse transformation by BDIRA.

Table 2 shows the MPRT results for an ALBERS projection, the meridian is 110E, and two
latitudes are 27N and 42N. Table 3 shows the MPRT results for a Mercator projection, the
meridian is 120E and the standard latitude is 24N.

Table 2: Results of ALBERS projection reverse transformation by BDIRA.

Low latitude point Middle latitude point High latitude point
longitude latitude longitude latitude longitude latitude

True value
134.80434251 11.07234234 124.24242505 23.23425256 114.64242583 56.24535250

Result list of BDIRA
T errors

(m)
Iteration
times(IT) longitude latitude IT longitude latitude IT longitude latitude

0.0001 72 134.80434251 11.07234234 72 124.24242505 23.23425256 71 114.64242584 56.24535250
0.001 65 134.80434253 11.07234237 66 124.24242507 23.23425254 63 114.64242587 56.24535242
0.01 57 134.80434291 11.07234296 57 124.24242537 23.23425191 55 114.64242612 56.24535527
1.0 46 134.80439186 11.07235234 46 124.24244213 23.23422914 46 114.64244556 56.24532847

100.0 30 134.80773926 11.08386230 30 124.25244141 23.23770142 31 114.63793945 56.24785767

Low latitude point Middle latitude point High latitude point
longitude latitude longitude latitude longitude latitude

True value
94.55554444 12.22223333 124.12345678 23.12345678 164.44442222 83.55556666

Result list of BDIRA
T errors

(m)
Iteration
times(IT) longitude latitude IT longitude latitude IT longitude latitude

0.0001 73 94.55554444 12.22223333 72 124.12345678 23.12345678 64 164.44442239 83.55556667
0.001 61 94.55554478 12.22223338 66 124.12345676 23.12345680 60 164.44442239 83.55556648
0.01 59 94.55554478 12.22223346 59 124.12345689 23.12345709 58 164.44442239 83.55556615
1.0 44 94.55545425 12.22221303 45 124.12348270 23.12341623 45 164.4443798 83.55554338

100.0 32 94.55871582 12.21968384 32 124.11743164 23.12521667 31 164.43725586 83.55147095
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The testing results verify that the BDIRA is effective in all three projections. The BDIRA
needs about 30 to 70 cycles of iteration. It takes about 57 seconds on a PC of 2.0 Ghz CPU
to calculate 1 million times of reverse transformation.

Table 3: Results of MERCATOR projection reverse transformation by BDIRA.

CONCLUSION
The BDIRA is a new algorithm for map projection reverse transformation, and is a
universal model based on basic principles of map projection. The iteration computation
process for most map projections is convergent if it satisfies the condition defined in (8).
The algorithm is simple to code in GIS software development and does not require
advanced mathematics knowledge. The BDIRA converges fast, and its accuracy is
controlled by defining an appropriate threshold error.
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